Introduction
This paper establishes a precise sufficient condition for the regularity of a boundary point of an arbitrary open subset of IR N +1 (N ≥ 2), and for the solvability of the first boundary value problem (FBVP) for the diffusion equation in general domains.
Let Ω ⊂ IR N +1 (N ≥ 2) denote any bounded open subset and ∂Ω its toplological boundary.
We write a typical point as z = (x, t) = (x 1 , x, t), x = (x 1 , x) ∈ IR N , x = (x 2 , . . . , x N ) ∈ IR N −1 , t ∈ IR. For a given point z 0 = (x 0 , t 0 ) and a positive number define the cylinder Q(z 0 , ) = {z : |x − x 0 | < , t 0 − < t < t 0 },
We split ∂Ω as ∂Ω = PΩ DΩ, where PΩ is the set of all points z 0 ∈ ∂Ω such that for any > 0, the cylinder Q(z 0 , ) contains points not in Ω. The set PΩ is called the parabolic boundary of Ω. The set DΩ is naturally called the top boundary of Ω. We split also PΩ as PΩ = SΩ BΩ, where BΩ is the set of all points z 0 ∈ PΩ such that for some > 0, the cylinder Q(z 0 , ) lies outside Ω. The set BΩ is naturaly called the bottom boundary of Ω, while SΩ will be called the lateral boundary of Ω.
For u ∈ C 2,1
x,t (Ω), we define the diffusion operator
A function u ∈ C 2,1
x,t (Ω) is called parabolic in Ω if Du = 0 for z ∈ Ω. Let f : PΩ → IR be bounded function. First boundary value problem (FBVP) may be formulated as follows:
Find a function u which is parabolic in Ω and satisfies the conditions
is the determination of a harmonic function corresponding to certain boundary conditions, while the second is the investigation of the behaviour of this function in the neighbourhood of the boundary." The same strategy, obviously replacing harmonic function with parabolic function and boundary with the parabolic boundary, is applicable to the FBVP for diffusion equation.
As in the case of Laplace equation, generalised solution to the FBVP for diffusion equation may be constructed by Perron's super-or subsolutions method (see, Section 2). However, in general the generalised solution doesn't satisfy (1.1).
We say that a point z 0 ∈ PΩ is regular if, for any bounded function f : PΩ → IR, the generalised solution of the FBVP constructed by Perron's method satisfies (1.1) at the point z 0 . It is well-known that the boundary points z 0 ∈ BΩ are always regular.
The principal result of this paper is the characterization of the regularity of the boundary points z 0 ∈ SΩ via local geometry of the lateral boundary near this point.
Consider the following domains
where δ > 0 is a sufficiently small positive number, ξ = αt − β|x| 2 ; α and β are given positive numbers. Throughout this paper we assume that a function ρ = ρ(ξ), −δ ≤ ξ < 0 is positive and continuously differentiable function satisfying the following condition:
Applying de l'Hospital's rule from (1.2) it follows that ξlogρ(ξ) → 0 as ξ ↑ 0. In Fig. 1 and Fig. 2 the domains G 1 ρ and G 2 ρ are described when N = 2. Parabolic boundary PG 1 ρ consists of two manifolds
and the cylindrical hypersurface
Bottom boundary BG 1 ρ consists of a line segment {z :
Parabolic boundary PG 2 ρ differs from PG 1 ρ by replacing the manifold L + with {z ∈ G 2 ρ : Our main theorem reads:
Then the origin (O) is a regular point for G 1 ρ (or G 2 ρ ) and the FBVP is solvable in
Some examples of functions ρ that satisfy (1.2),(1.3) are the following:
where we use the following notation log 2 |ξ| = log|log|ξ||, log n |ξ| = loglog n−1 |ξ|, n ≥ 3.
Theorem 1.1 provides a general sufficient condition for the regularity of the boundary points z 0 ∈ SΩ and for the solvability of the FBVP in Ω.
Let A ρ = G\G 2 ρ , where
In Fig. 3 the domain A ρ is described when N = 2. We call the origin the vertex of A ρ . Consider the rigid body displacements of A ρ composed of translations and (or) rotations in x-space and shift along the t-axis. In the case when the lateral boundary is locally a continuous graph, exterior A ρ -condition may be expressed in terms of modulus of lower semicontinuity of the lateral boundary manifold.
To make this precise, assume that for z 0 = (x 0 , t 0 ) ∈ SΩ there exists > 0 and a continuous function φ such that, after a suitable rotation of x-axes, we have
Exterior A ρ -condition is equivalent to the following one-side inequality for the function φ:
coincides with P (δ) by replacing ξ with ξ and t with t − t 0 , the numbers α > 0, β > 0 and the function ρ satisfy the conditions of Theorem 1.1. The equivalence easily follows from the fact that after the displacement according to the exterior A ρ -condition, the boundary manifold which is a common boundary of the translated domains A ρ and G 1 ρ has a representation x 1 = φ(x, t), (x, t) ∈ P (δ), where φ satisfies (1.5) with "=" instead of "≤". Inequality (1.5) means that at the point z 0 = (x 0 , t 0 ) ∈ SΩ, the lateral boundary manifold is allowed to be "slightly worth" than lower Lipschitz in x-direction and "slightly worth" than lower Similar condition is obviously true when N > 2, just by replacing x 2 2 with |x| 2 . This is exactly the parabolic analog of the exterior cone condition for Laplace equation and it is natural to call it an exterior hyperbolic paraboloid condition.
It should be mentioned that the boundary regularity result of the Theorem 1.1 has a probabilistic meaning in the context of the short-time behaviour of the Brownian motion trajectories for the high dimensional diffusion processes. Without going into the details, let us just formulate the probabilistic analog of this result taking a simplest example ρ(ξ) = |log|ξ|| −1 .
Consider the standard N -dimensional Brownian motion in which the coordinates of the sample path are standard 1-dimensional Brownian motions. The intuitive meaning of the Theorem 1.1
is that the Brownian path that starts at the origin (assuming for a while that a process goes in −t-direction) with the probability 1 will reach the exterior of G 1 ρ within arbitrarily short time.
From the classical iterated logarithm law it easily follows that with the probability 1 the same trajectory will remain in the domain G 1 ρ within some positive time, if α > 1, β > 0. Important open problem is whether the same is true if 0 < α ≤ 1, but α + 2(N − 1)β > 1. The related open problem in the context of the FBVP consists in the derivation of the precise sufficient condition for the irregularity of the boundary points. We address this issue in the next paper.
We prove the main theorems in Section 3, after some preliminaries in Section 2. Section 4 contains some final remarks. In 1935, Petrovsky ([P] ) presented complete results on the FBVP for the one-dimensional diffusion equation u t = u xx in a plane domain whose lateral boundary is given by two continuous curves x = φ 1 (t) and x = φ 2 (t). Petrovsky's paper was motivated with the proof of the so called Kolmogorov test for the distinction between the upper and the lower functions of the one-dimensional space-time Brownian motion trajectories (see [IM] ). If we take N = 1, then our Theorem 1.1 coincides with the regularity result from [P, Section 2] .
Historical Comments
Moreover, the analog of our domain G 1 ρ is a plane domain between the curve x 2 1 = 4tlogρ(t) and the line t = −δ < 0. Similar domain we get intersecting G 1 ρ with the hyperplane {x = 0}.
As it is proved in [P, Section 3] , even for the particular example ρ(t) = |log|t|| −1 the result is close to be an optimal in the sense that the origin is irregular point, if we replace the boundary curve with x 2 1 = −4αtlog 2 |t|, α > 1. In the context of the space-time Brownian motion this result repeats Khinchin's iterated logarithm law. As a direct implcation of the one-dimensional results, in [P, Section 4 ] the case N = 2 was also shortly considered. It is shown that the origin is irregular point for the bounded domain lying beneath the plane {t = 0} and bounded on its sides by the surface of revolution
where > 0 is arbitrary small number. From another side from the regularity condition formulated in [P, Section 4] it follows that the origin is a regular point for the same domain, if
we replace the surface of revolution with the following one: in [EG] . However, it should be mentioned that Wiener's criterion does not resolve the natural geometric and analytic question which we impose in this paper. Despite its generality, it seems impossible to derive from Wiener's condition, say Petrovsky's one-dimensional results.
Another sufficient condition for the regularity of the boundary points in the FBVP for diffusion equation, the so called exterior tusk condition which is an analog of the exterior cone condition for Laplace equation, was established in [EK] .
Preliminary Results
In this section we present some facts about the Perron's solution of the FBVP. Lemma 2.1 is standard and demonstrates the role of barriers for the regularity of the origin for G 1 ρ or G 2 ρ .
Lemma 2.2 proves the equivalence of the regularity (or irregularity) of the origin for G 1 ρ and G 2 ρ , which allows to prove Theorem 1.1 only for G 1 ρ .
It should be mentioned that the results of this section are general and we do not need to assume that neither the conditions of the Theorem 1.1 or the second condition from (1.2) are satisfied. However, we need to assume that ξlogρ(ξ) → 0 as ξ ↑ 0.
A bounded open subset U ∈ IR N +1 is called regular if for each continuous function φ ∈ C(∂U ; IR) there exists one (and only one) function H U φ , which is parabolic in U , and
A function u ∈ C(Ω) is called superparabolic in Ω if the following conditions are satisfied:
(a) u is lower semicontinuous; −∞ < u ≤ +∞, u < +∞ on a dence subset of Ω;
A function v is called a subparabolic, if −v is a superparabolic. For example, any function
x,t (Ω) satisfying Du ≥ 0 (or Du ≤ 0) for z ∈ Ω is superparabolic (or subparabolic). The classical theory defines the Perron's solution of the FBVP to be, for each z ∈ Ω,
where the infimum is taken over all superparabolic functions u in Ω, such that
According to the classical theory (see, for example [D,B] for the most general framework) H Ω f is parabolic in Ω. However, in general it does not satisfy (1.1). Boundary point z 0 ∈ PΩ is called regular, if for arbitrary bounded boundary function f , H Ω f satisfies (1.1) at this point. It is well-known that bottom boundary points z 0 ∈ BΩ are always regular (see, for example [P] ).
It is a standard fact in the classical theory that the boundary point z 0 ∈ SΩ is regular, if there exists a so called "regularity barrier" u with the following properties:
(a) u is superparabolic in U = Q(z 0 , ) ∩ Ω for some > 0;
(b) u is continuous and nonnegative in U , vanishing only at z 0 .
In particular, concerning the regularity of the origin for G 1 ρ or G 2 ρ we have The next lemma is the high-dimensional analog of the Theorem III from [P, p.389] .
Lemma 2.2. The origin is simultaneously regular or irregular for G 1 ρ and G 2 ρ .
Proof. Assume that O is regular for G 2 ρ . Then by Lemma 2.1 there exists a regularity barrier
for O regarded as a boundary point of G 2 ρ . Obviously, it will be also a regularity barrier for O regarded as a boundary point of G 1 ρ . From Lemma 2.1 it follows that O is regular for G 1 ρ .
Conversely, assume now that O is regular for
f , where f = −t + |x| 2 . Since ρ(ξ) is C 1 for ξ < 0, all the boundary points z 0 ∈ PG 2 ρ , z 0 = O are regular points. Accordingly,
where φ(x, t) = 4ξlogρ(ξ). Obviously, we have 0 ≤ L < +∞. Let f 1 be an arbitrary function which is defined and contonuous in PG 1 ρ \{O} satisfying
Choose a function f 2 in such a way that
Since all the points z 0 ∈ PG 1 ρ are regular points, Perron's solutions
are continuous functions in G 1 ρ \{O}. Applying the maximum principle in G 1 ρ ∩ {z : t ≤ − } for arbitrary sufficiently small > 0 and passing to the limit as ↓ 0 we easily derive that
Applying the same arguments, from (2.1) we deduce that
and hence
We have lim sup
Since O is a regular point for G 1 ρ , it follows that lim sup
Since O is a regular point regarded as a boundary point of
, which implies that L = 0. Thus u is continuous in G 2 ρ and by the strong maximum principle vanishes only at O. Hence, u is a regularity barrier for O regarded as a boundary point of G 2 ρ . From the Lemma 2.1 it follows that O is a regular point for G 2 ρ as well. The lemma is proved.
Since bottom boundary points are always regular, the assertion of the Corrolary 2.1 easily follow from Lemmas 2.1, 2.2 and from the fact that the regularity barrier for O regarded as a boundary point of G 2 ρ is at the same time a regularity barrier for O regarded as a boundary
Obviously, the assertion of the Corollary 2.1 is true if we take an arbitrary boundary point
, and by replacing G 1 ρ and G 2 ρ with their translations after rigid body displacement composed of a translation in x-space and shift along the t-axis, in such a way that O coincides with z 0 after this displacement.
Proofs of the Main Results
Proof of Theorem 1.1 The proof is based on the construction of the regularity barrier for O regarded as a boundary point of G 1 ρ . We construct the regularity barrier assuming that δ > 0 is sufficiently small. This makes no loss of generality, since boundary regularity is a local property.
Without loss of generality we also assume that the positive numbers α and β satisfy
Indeed, if α + 2(N − 1)β < 1, then we can takeβ > β such that α + 2(N − 1)β = 1 and consider the domainG 1 ρ by replacing β withβ in G 1 ρ . It may be easily seen thatG 1 ρ contains G 1 ρ if we replace δ in G 1 ρ with ββ −1 δ. Therefore, if we construct a regularity barrier forG 1 ρ for all δ ≤ δ 1 , the latter will be a regularity barrier for G 1 ρ for all δ ≤ ββ −1 δ 1 .
Without loss of generality we may also assume that ρ(ξ) is twice continuously differentiable for ξ < 0 and satisfies
Indeed, otherwise we can choose a monotonically decreasing and twice continuously differentiable function ρ 1 (ξ), −δ ≤ ξ < 0 which satisfies the following conditions:
From (3.4) and (1.2) it follows that 0 < ξρ
Hence, form (3.3)-(3.5) it follows that ρ 1 satisfies (1.2) and (1.3). Applying de l'Hospital's rule from (3.5) and (3.4) we have
From (3.4)-(3.6) it easily follows that ρ 1 satisfies (3.2). Hence, ρ 1 satisfies all the required conditions and in view of (3.3) we have G 1 ρ ⊂ G 1 ρ 1 . Accordingly, the regularity barrier for O regarded as a boundary point of G 1 ρ 1 will be a regularity barrier for O regarded as a boundary
Thus it is enough to construct a regularity barrier for O regarded as a boundary point of G 1 ρ , assuming additionally that ρ is C 2 for ξ < 0 and satisfies (3.2). By the way, all the examples of ρ from (1.4) satisfy these conditions as well.
We prove that the following function is the required regularity barrier:
where φ is defined via
with ξ 0 being a fixed negative number with sufficiently small |ξ 0 |, and
From (1.2) and (1.3) it follows that
The equation of the level hypersurface u(x, t) = 0 is given by
Moreover, we have
Since G 1 ρ ⊂ G , we derive that u is positive and continuous in G 1 ρ \{O}. The function u is symmetric with respect to the x 1 -variable and for arbitrary fixed (x, t) ∈ P (δ), (x, t) = (0, 0), u attains its maximum at x 1 = 0. Hence, we have
Thus u has a removable singularity at the point O and prescribing u = 0 at O, we have u ∈ C(G 1 ρ ). To complete the proof, we need to show that u is superparabolic in G 1 ρ . Taking into account (3.1), we derive
where
Assuming that |ξ| is sufficiently small, from (1.2) and (3.7) it follows that
Therefore, from (3.8),(3.10) and (3.11) we derive that
Using (3.7), we estimate the first two terms on the right-hand side of (3.12) as follows:
Therefore, from (3.12) it follows that
Using (3.7) and (3.11) we easily derive that
(3.14)
Since G 1 ρ ⊂ G , from (3.13),(3.14) and (3.7) we have
If |x| = 0 then from (3.15) and (3.8) it follows that S > 0. Otherwise, from (3.15) we derive
Assuming that |ξ| is sufficiently small, from (3.2) and (3.16) we have S > 0. Hence, from (3.9) it follows that u is superparabolic in G 1 ρ with sufficiently small δ. Accordingly, u is a required regularity barrier. The regularity of O for G 2 ρ is a consequence of Lemma 2.2. The theorem is proved.
The first assertion of the Theorem 1.2 easily follows from the Theorem 1.1 and Lemma 2.1.
Indeed, since the space-time transformations due to rigid body displacements in the exterior A ρ -condition preserve the diffusion equation, the regularity barrier for G 2 ρ after the transformations according to exterior A ρ -condition will be a regularity barrier for z 0 ∈ SΩ. The second assertion of the Theorem 1.2 is a consequence of the classical theory (see Section 2).
Conclusions
The following natural question arises for each example of ρ from (1.4):
How sharp is the condition α + 2(N − 1)β ≤ 1 for the regularity of O for G 1 ρ or G 2 ρ ?
Let ρ(ξ) = |log|ξ|| −1 . (4.1)
In [P] it is proved that O is irregular point for the bounded domain G 0 lying in the strip {z : −δ 1 < t < 0} and bounded on its sides by the hypersurface of revolution |x| 2 = −4α 1 tlog 2 |t|, α 1 > 1.
It is easy to see that for sufficiently small δ 1 , G 0 ⊂ G 1 ρ if 1 < α 1 < α. Therefore, from the Corollary 2.1 it follows that O is irregular for G 1 ρ and G 2 ρ if α > 1, β > 0. Obviously, the same result is true, if we take any other particular example of ρ from (1.4).
Hence, the following natural question arises:
Is O regular or irregular for G 1 ρ and G 2 ρ , if ρ(ξ) = |log|ξ|| −1 , 0 < α ≤ 1, β > 0 and α + 2(N − 1)β > 1?
The probabilistic analog of this question was formulated at the end of the Section 1. This issue is addressed in a subsequent paper.
Another important conclusion says that O may be regular for where ξ 1 = αa −1 τ − β|x| 2 . We have
Hence, O is irregular for (4.4), regarded as a boundary point ofG 1 ρ . Accordingly, O is irregular for (4.3) regarded as a boundary point of G 1 ρ or G 2 ρ .
